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Abstract
In this paper, we give the definition of weakly locally finite division rings and we
show that the class of these rings strictly contains the class of locally finite division
rings. Further, we study multiplicative subgroups in these rings. Some skew linear
groups are also considered. Our new obtained results generalize previous results for
centrally finite case.
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1 Introduction
Let D be a division ring with center F . Recall that D is centrally finite if D is a finite
dimensional vector space over F ; D is locally finite if for every finite subset S of D, the
division subring F (S) of D generated by S ∪ F is a finite dimensional vector space over
F . If a is an element from D, then we have the field extension F ⊆ F (a). Obviously, a
is algebraic over F if and only if this extension is finite. We say that a non-empty subset
S of D is algebraic over F if every element of S is algebraic over F . A division ring D is
algebraic over center F (briefly, D is algebraic), if every element of D is algebraic over F .
Clearly, a locally finite division ring is algebraic. It was conjectured that any algebraic
division ring is locally finite (this is known as the Kurosch’s Problem for division rings [5]).
However, this problem remains still open in general. There exist locally finite division
rings which are not centrally finite. In this paper, we define a weakly locally finite division
ring as a division ring in which for every finite subset S, the division subring generated
by S is centrally finite. It can be shown that every locally finite division ring is weakly
locally finite. The converse is not true. Moreover, in the text, we give one example of
weakly locally finite division ring which is not even algebraic. Next, we study subgroups
in weakly locally finite division rings. In particular, we give the affirmative answer to one
of Herstein’s conjectures [4] for these rings. Some linear groups are also investigated. Our
new obtained results generalize previous results for centrally finite case. The symbols and
notation we use in this paper are standard and they should be found in the literature on
subgroups in division rings and on skew linear groups. In particular, for a division ring D
we denote by D∗ and D′ the multiplicative group and the derived group of D respectively.
2 Definitions and examples
Definition 2.1. We say that a division ring D is weakly locally finite if for every finite
subset S of D, the division subring generated by S in D is centrally finite.
It can be shown that every division subring of a centrally finite division ring is itself
centrally finite. Using this fact, it is easy to see that every locally finite division ring is
weakly locally finite.
Our purpose in this section is to construct an example showing the difference between
the class of locally finite division rings and the class of weakly locally finite division rings.
In order to do so, following the general Mal’cev-Neumann construction of Laurent series
rings, we construct a Laurent series ring with a base ring which is an extension of the
field Q of rational numbers. The ring we construct in the following proposition is weakly
locally finite but it is not even algebraic.
Proposition 2.2. There exists a weakly locally finite division ring which is not algebraic.
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Proof. Denote by G =
∞⊕
i=1
Z the direct sum of infinitely many copies of the additive group
Z. For any positive integer i, denote by xi = (0, . . . , 0, 1, 0, . . .) the element of G with 1
in the i-th position and 0 elsewhere. Then G is a free abelian group generated by all xi
and every element x ∈ G is written uniquely in the form
x =
∑
i∈I
nixi, (1)
with ni ∈ Z and some finite set I.
Now, we define an order in G as follows:
For elements x = (n1, n2, n3, . . .) and y = (m1, m2, m3, . . .) in G, define x < y if either
n1 < m1 or there exists k ∈ N such that n1 = m1, . . . , nk = mk and nk+1 < mk+1. Clearly,
with this order G is a totally ordered set.
Suppose that p1 < p2 < . . . < pn < . . . is a sequence of prime numbers and
K = Q(
√
p1,
√
p2, . . .) is the subfield of the field R of real numbers generated by Q
and
√
p1,
√
p2, . . ., where Q is the field of rational numbers. For any i ∈ N, suppose that
fi : K → K is Q-isomorphism satisfying the following condition:
fi(
√
pi) = −√pi; and fi(√pj) = √pj for any j 6= i.
It is easy to verify that fifj = fjfi for any i, j ∈ N.
• Step 1. Proving that, for x ∈ K, fi(x) = x for any i ∈ N if and only if x ∈ Q:
The converse is obvious. Now, suppose that x ∈ K such that fi(x) = x for any i ∈ N.
By setting K0 = Q and Ki = Q(
√
p1, . . . ,
√
pi) for i ≥ 1, we have the following ascending
series:
K0 ⊂ K1 ⊂ . . . ⊂ Ki ⊂ . . .
If x 6∈ Q, then there exists i ≥ 1 such that x ∈ Ki \Ki−1. So, we have x = a+ b√pi, with
a, b ∈ Ki−1 and b 6= 0. Since fi(x) = x, 0 = x− fi(x) = 2b√pi, a contradiction.
• Step 2. Constructing a Laurent series ring:
For any x = (n1, n2, ...) =
∑
i∈I
nixi ∈ G, define Φx :=
∏
i∈I
fnii . Clearly Φx ∈ Gal(K/Q)
and the map Φ : G→ Gal(K/Q), defined by Φ(x) = Φx is a group homomorphism. The
following conditions hold.
i) Φ(xi) = fi for any i ∈ N.
ii) If x = (n1, n2, . . .) ∈ G, then Φx(√pi) = (−1)ni√pi.
For the convenience, from now on we write the operation in G multiplicatively. For G
and K as above, consider formal sums of the form
α =
∑
x∈G
axx, ax ∈ K.
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For such an α, define the support of α by supp(α) = {x ∈ G : ax 6= 0}. Put
D = K((G,Φ)) :=
{
α =
∑
x∈G
axx, ax ∈ K : supp(α) is well-ordered
}
.
For α =
∑
x∈G
axx and β =
∑
x∈G
bxx from D, define
α + β =
∑
x∈G
(ax + bx)x; and αβ =
∑
z∈G
(∑
xy=z
axΦx(by)
)
z.
With operations defined as above, D = K((G,Φ)) is a division ring (we refer to [6, pp.
243-244]). Moreover, the following conditions hold.
iii) For any x ∈ G, a ∈ K, xa = Φx(a)x.
iv) For any i 6= j, xi√pi = −√pixi and xj√pi = √pixj .
v) For any i 6= j and n ∈ N, xni
√
pi = (−1)n√pixni and xnj
√
pi =
√
pix
n
j .
• Step 3. Finding the center of D:
PutH = {x2 : x ∈ G} andQ((H)) =
{
α =
∑
x∈H
axx, ax ∈ Q : supp(α) is well-ordered
}
.
It is easy to check that H is a subgroup of G and for every x ∈ H , Φx = IdK .
Denote by F the center of D. We claim that F = Q((H)). Suppose that α =
∑
x∈H
axx ∈
Q((H)). Then, for every β =
∑
y∈G
byy ∈ D, we have Φx(by) = by and Φy(ax) = ax. Hence
αβ =
∑
z∈G
(∑
xy=z
axΦx(by)
)
z =
∑
z∈G
(∑
xy=z
axby
)
z,
βα =
∑
z∈G
(∑
xy=z
byΦy(ax)
)
z =
∑
z∈G
(∑
xy=z
axby
)
z.
Thus, αβ = βα for every β ∈ D, so α ∈ F .
Conversely, suppose that α =
∑
x∈G
axx ∈ F. Denote by S the set of all elements x
appeared in the expression of α. Then, it suffices to prove that x ∈ H and ax ∈ Q for
any x ∈ S. In fact, since α ∈ F , we have √piα = α√pi and αxi = xiα for any i ≥ 1,
i.e.
∑
x∈S
√
piaxx =
∑
x∈S
Φx(
√
pi)axx and
∑
x∈S
ax(xxi) =
∑
x∈S
Φxi(ax)(xix). Therefore, by con-
ditions mentioned in the beginning of Step 2, we have
√
piax = Φx(
√
pi)ax = (−1)ni√piax
and ax = Φxi(ax) = fi(ax) for any x = (n1, n2, . . .) ∈ S. From the first equality it follows
that ni is even for any i ≥ 1. Therefore x ∈ H . From the second equality it follows that
ax = fi(ax) for any i ≥ 1. So by Step 1, we have ax ∈ Q. Therefore α ∈ Q((H)). Thus,
F = Q((H)).
• Step 4. Proving that D is not algebraic over F :
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Suppose that γ = x−11 + x
−1
2 + . . . is an infinite formal sum. Since x
−1
1 < x
−1
2 <
. . . , supp(γ) is well-ordered. Hence γ ∈ D. Consider the equality
a0 + a1γ + a2γ
2 + . . .+ anγ
n = 0, ai ∈ F. (2)
Note that X = x−11 x
−1
2 ...x
−1
n does not appear in the expressions of γ, γ
2, . . . , γn−1 and
the coefficient of X in the expression of γn is n!. Therefore, the coefficient of X in the
expression on left side of the equality (2) is an.n!. It follows that an = 0. By induction, it
is easy to see that a0 = a1 = . . . = an = 0. Hence, for any n ∈ N, the set {1, γ, γ2, . . . , γn}
is independent over F . Consequently, γ is not algebraic over F .
• Step 5. Constructing a division subring of D which is a weakly locally finite:
Consider the element γ from Step 4. For any n ≥ 1, put
Rn = F (
√
p1,
√
p2, . . . ,
√
pn, x1, x2, . . . , xn, γ),
and R∞ =
∞⋃
n=1
Rn. First, we prove that Rn is centrally finite for each positive integer n.
Consider the element
γn = x
−1
n+1 + x
−1
n+2 + . . . (infinite formal sum).
Since γn = γ − (x−11 + x−12 + . . .+ x−1n ), we conclude that γn ∈ Rn and
F (
√
p1,
√
p2, . . . ,
√
pn, x1, x2, . . . , xn, γ) = F (
√
p1,
√
p2, . . . ,
√
pn, x1, x2, . . . , xn, γn).
Note that γn commutes with all
√
pi and all xi (for i = 1, 2, ..., n). Therefore
Rn = F (
√
p1,
√
p2, . . . ,
√
pn, x1, x2, . . . , xn, γn)
= F (γn)(
√
p1,
√
p2, . . . ,
√
pn, x1, x2, . . . , xn).
In combination with the equalities (
√
pi)
2 = pi, x
2
i ∈ F ,
√
pixj = xj
√
pi, i 6= j, √pixi =
−xi√pi, it follows that every element β from Rn can be written in the form
β =
∑
0≤εi,µi≤1
a(ε1,...,εn,µ1,...,µn)(
√
p1)
ε1 . . . (
√
pn)
εnxµ11 . . . x
µn
n , where a(ε1,...,εnµ1,...,µn) ∈ F (γn).
Hence Rn is a vector space over F (γn) having the finite set Bn which consists of the
products
(
√
p1)
ε1 . . . (
√
pn)
εnxµ11 . . . x
µn
n , 0 ≤ εi, µi ≤ 1
as a base. Thus, Rn is a finite dimensional vector space over F (γn). Since γn commutes
with all
√
pi and all xi, F (γn) ⊆ Z(Rn). It follows that dimZ(Rn)Rn ≤ dimF (γn)Rn < ∞
and consequently, Rn is centrally finite.
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For any finite subset S ⊆ R∞, there exists n such that S ⊆ Rn. Therefore, the division
subring of R∞, generated by S over F is contained in Rn, which is centrally finite. Thus,
R∞ is weakly locally finite.
• Step 6. Finding the center of R∞:
We claim that Z(R∞) = F . Put Sn = {√p1, ...,√pn, x1, ..., xn}. Since for any i 6= j,
x2i , (
√
pi)
2 ∈ F , xixj = xjxi, √pi√pj = √pj√pi, xi√pj = √pjxi, xi√pi = −√pixi, every
element from F [Sn] can be expressed in the form
α =
∑
0≤εi,µi≤1
a(ε1,...,εn,µ1,...,µn)(
√
p1)
ε1 . . . (
√
pn)
εnxµ11 . . . x
µn
n , a(ε1,...,εn,µ1,...,µn) ∈ F. (3)
Moreover, the set Bn consists of products (√p1)ε1 . . . (√pn)εnxµ11 . . . xµnn , 0 ≤ εi, µi ≤ 1 is
finite of 22n elements. Hence, F [Sn] is a finite dimensional vector space over F . So, it
follows that F [Sn] = F (Sn). Therefore, every element from F (Sn) can be expressed in
the form (3).
In the first, we show that Z(F (S1)) = F . Thus, suppose that α ∈ Z(F (S1)). Since
x21, (
√
p1)
2 = p1 ∈ F and x1√p1 = −√p1x1, every element α ∈ F (S1) = F (√p1, x1) can
be expressed in the following form:
α = a + b
√
p1 + cx1 + d
√
p1x1, a, b, c, d ∈ F.
Since α commutes with x1 and
√
p1, we have
ax1 + b
√
p1x1 + cx
2
1 + d
√
p1x
2
1 = ax1 − b
√
p1x1 + cx
2
1 − d
√
p1x
2
1,
and
a
√
p1 + bp1 − c√p1x1 − dp1x1 = a√p1 + bp1 + c√p1x1 + dp1x1.
From the first equality it follows that b = d = 0, while from the second equality we obtain
c = 0. Hence, α = a ∈ F and consequently, Z(F (S1)) = F .
Suppose that n ≥ 1 and α ∈ Z(F (Sn)). By (3), α can be expressed in the form
α = a1 + a2
√
pn + a3xn + a4
√
pnxn, with a1, a2, a3, a4 ∈ F (Sn−1).
From the equality αxn = xnα, it follows that
a1xn + a2
√
pnxn + a3x
2
n + a4
√
pnx
2
n = a1xn − a2
√
pnxn + a3x
2
n − a4
√
pnx
2
n.
Therefore, a2 + a4xn = 0 and consequently we have a2 = a4 = 0. Now, from the
equality α
√
pn =
√
pnα, we have a1
√
pn − a3√pnxn = a1√pn + a3√pnxn and it follows
that a3 = 0. Therefore, α = a1 ∈ F (Sn−1) and this means that α ∈ Z(F (Sn−1)).
Thus, we have proved that Z(F (Sn)) ⊆ Z(F (Sn−1)). By induction we can conclude that
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Z(F (Sn)) ⊆ Z(F (S1)) for any positive integer n. Since F ⊆ Z(F (Sn)) ⊆ Z(F (S1)) = F ,
it follows that Z(F (Sn)) = F for any positive integer n. Now, suppose that α ∈ Z(R∞).
Then, there exists some n such that α ∈ Rn and clearly α ∈ Z(F (Sn)) = F . Hence
Z(R∞) = F .
• Step 7. Proving that R∞ is not algebraic over F :
It was shown in Step 4 that γ ∈ R∞ is not algebraic over F .
3 Herstein’s Conjecture for weakly locally finite
division rings
Let K  D be division rings . Recall that an element x ∈ D is radical over K if there
exists some positive integer n(x) depending on x such that xn(x) ∈ K. A subset S of D
is radical over K if every element from S is radical over K. In 1978, I.N. Herstein (cf.
[4]) conjectured that given a subnormal subgroup N of D∗, if N is radical over center
F of D, then N is central, i. e. N is contained in F . Herstein, himself in the cited
above paper proved this fact for the special case, when N is torsion group. However, the
problem remains still open in general. In [3], it was proved that this conjecture is true
in the finite dimensional case. In this section, we shall prove that this conjecture is also
true for weakly locally finite division rings. First, we note the following two lemmas we
need for our further purpose.
Lemma 3.1. Let D be a division ring with center F . If N is a subnormal subgroup of
D∗, then Z(N) = N ∩ F .
Proof. If N is contained in F , then there is nothing to prove. Thus, suppose that N
is non-central. By [9, 14.4.2, p. 439], CD(N) = F . Hence Z(N) ⊆ N ∩ F . Since the
inclusion N ∩ F ⊆ Z(N) is obvious, Z(N) = N ∩ F .
Lemma 3.2. If D is a weakly locally finite division ring, then Z(D′) is a torsion group.
Proof. By Lemma 3.1, Z(D′) = D′ ∩ F . For any x ∈ Z(D′), there exists some positive
integer n and some ai, bi ∈ D∗, 1 ≤ i ≤ n, such that
x = a1b1a
−1
1 b
−1
1 a2b2a
−1
2 b
−1
2 . . . anbna
−1
n b
−1
n .
Set S := {ai, bi : 1 ≤ i ≤ n}. Since D is weakly locally finite, the division subring L of
D generated by S is centrally finite. Put n = [L : Z(L)]. Since x ∈ F , x commutes with
every element of S. Therefore, x commutes with every element of L, and consequently,
x ∈ Z(L). So,
xn = NL/Z(L)(x) = NL/Z(L)(a1b1a
−1
1 b
−1
1 a2b2a
−1
2 b
−1
2 . . . anbna
−1
n b
−1
n ) = 1.
Thus, x is torsion.
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In [4, Theorem 1], Herstein proved that, if in a division ring D every multiplicative
commutator aba−1b−1 is torsion, then D is commutative. Further, with the assumption
that D is a finite dimensional vector space over its center F , he proved [4, Theorem 2]
that, if every multiplicative commutator in D is radical over F , then D is commutative.
Now, using Lemma 3.2, we can carry over the last fact for weakly locally finite division
rings.
Theorem 3.3. Let D be a weakly locally finite division ring with center F . If every
multiplicative commutator in D is radical over F , then D is commutative.
Proof. For any a, b ∈ D∗, there exists a positive integer n = nab depending on a and
b such that (aba−1b−1)n ∈ F. Hence, by Lemma 3.2, it follows that aba−1b−1 is torsion.
Now, by [4, Theorem 1], D is commutative.
The following theorem gives the affirmative answer to Conjecture 3 in [4] for weakly
locally finite division rings.
Theorem 3.4. Let D be a weakly locally finite division ring with center F and N be a
subnormal subgroup of D∗. If N is radical over F , then N is central, i.e. N is contained
in F .
Proof. Consider the subgroup N ′ = [N,N ] ⊆ D′ and suppose that x ∈ N ′. Since N is
radical over F , there exists some positive integer n such that xn ∈ F . Hence xn ∈ F∩D′ =
Z(D′). By Lemma 3.2, xn is torsion, and consequently, x is torsion too. Moreover, since
N is subnormal in D∗, so is N ′. Hence, by [4, Theorem 8], N ′ ⊆ F . Thus, N is solvable,
and by [9, 14.4.4, p. 440], N ⊆ F .
In Herstein’s Conjecture a subgroup N is required to be radical over center F of D.
What happen if N is required to be radical over some proper division subring of D (which
not necessarily coincides with F )? In the other words, the following question should be
interesting: “Let D be a division ring and K be a proper division subring of D and given
a subnormal subgroup N of D∗. If N is radical over K, then is it contained in center F of
D?” In the following we give the affirmative answer to this question for a weakly locally
finite ring D and a normal subgroup N .
Lemma 3.5. Let D be a weakly locally finite division ring with center F and N be a
subnormal subgroup of D∗. If for every elements x, y ∈ N , there exists some positive
integer nxy such that x
nxyy = yxnxy , then N ⊆ F .
Proof. Since N is subnormal in D∗, there exists the following series of subgroups
N = N1 ⊳ N2 ⊳ . . . ⊳ Nr = D
∗.
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Suppose that x, y ∈ N . Let K be the division subring of D generated by x and y. Then,
K is centrally finite. By putting Mi = K ∩ Ni, ∀i ∈ {1, . . . , r} we obtain the following
series of subgroups
M1 ⊳M2 ⊳ . . . ⊳Mr = K
∗.
For any a ∈ M1 ≤ N1 = N , suppose that nax and nay are positive integers such that
anaxx = xanax and anayy = yanay . Then, for n := naxnay we have a
n = (anax)nay =
(xanaxx−1)nay = xanaxnayx−1 = xanx−1, and an = (anay)nax = (yanayy−1)nax = yanaynayy−1
= yany−1. Therefore an ∈ Z(K). Hence M1 is radical over Z(K). By Theorem 3.4,
M1 ⊆ Z(K). In particular, x and y commute with each other. Consequently, N is abelian
group. By [9, 14.4.4, p. 440], N ⊆ F .
Theorem 3.6. Let D be a weakly locally finite division ring with center F , K be a proper
division subring of D and suppose that N is a normal subgroup of D∗. If N is radical
over K, then N ⊆ F .
Proof. Suppose that N is not contained in the center F . If N \ K = ∅, then N ⊆ K.
By [9, p. 433], either K ⊆ F or K = D. Since K 6= D by the assertion, it follows that
K ⊆ F . Hence N ⊆ F , that contradicts to the assertion. Thus, we have N \K 6= ∅.
Now, to complete the proof of our theorem we shall show that the elements of N
satisfy the requirements of Lemma 3.5. Thus, suppose that a, b ∈ N . We examine the
following cases:
10) Case 1: a ∈ K.
- Subcase 1.1: b 6∈ K.
We shall prove that there exists some positive integer n such that anb = ban. Thus,
suppose that anb 6= ban for any positive integer n. Then, a + b 6= 0, a 6= ±1 and b 6= ±1.
So we have
x = (a+ b)a(a + b)−1, y = (b+ 1)a(b+ 1)−1 ∈ N.
Since N is radical over K, we can find some positive integers mx and my such that
xmx = (a+ b)amx(a + b)−1, ymy = (b+ 1)amy(b+ 1)−1 ∈ K.
Putting m = mxmy, we have
xm = (a + b)am(a+ b)−1, ym = (b+ 1)am(b+ 1)−1 ∈ K.
Direct calculations give the equalities
xmb− ymb+ xma− ym = xm(a + b)− ym(b+ 1) = (a+ b)am − (b+ 1)am = am(a− 1),
from that we get the following equality
(xm − ym)b = am(a− 1) + ym − xma.
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If (xm−ym) 6= 0, then b = (xm−ym)−1[a(am−1)+ym−xma] ∈ K, that is a contradiction
to the choice of b. Therefore (xm − ym) = 0 and consequently, am(a − 1) = ym(a − 1).
Since a 6= 1, am = ym = (b+1)am(b+1)−1 and it follows that amb = bam, a contradiction.
- Subcase 1.2: b ∈ K.
Consider an element x ∈ N \ K. Since xb 6∈ K, by Subcase 1.1, there exist some
positive integers r, s such that arxb = xbar and asx = xas. From these equalities it follows
that ars = (xb)−1ars(xb) = b−1(x−1arsx)b = b−1arsb, and consequently, arsb = bars.
20) Case 2: a 6∈ K.
Since N is radical over K, there exists some positive integer m such that am ∈ K. By
Case 1, there exists some positive integer n such that amnb = bamn.
4 Some skew linear groups
Let D be a division ring with center F . In the following we identify F ∗ with F ∗I :=
{αI| α ∈ F ∗}, where I denotes the identity matrix in GLn(D).
In [7, Theorem 1], it was proved that if D is centrally finite, then any finitely generated
subnormal subgroup of D∗ is central. This result can be carried over for weakly locally
finite division rings as the following.
Theorem 4.1. Let D be a weakly locally finite division ring. Then, every finitely generated
subnormal subgroup of D∗ is central.
Proof. Since N is finitely generated and D is weakly locally finite, the division subring
generated by N , namely L, is centrally finite. By [7, Theorem 1], N ⊆ Z(L). Conse-
quently, N is abelian. Now, by [9, 14.4.4, p. 440], N ⊆ Z(D).
The following theorem is a generalization of Theorem 5 in [1].
Theorem 4.2. Let D be a weakly locally finite division ring with center F and N be a
infinite subnormal subgroup of GLn(D), n ≥ 2. If N is finitely generated, then N ⊆ F .
Proof. Suppose that N is non-central. Then, by [8, Theorem 11], SLn(D) ⊆ N . So, N
is normal in GLn(D). Suppose that N is generated by matrices A1, A2, ..., Ak in GLn(D)
and T is the set of all coefficients of all Aj . Since D is weakly locally finite, the division
subring L generated by T is centrally finite. It follows thatN is a normal finitely generated
subgroup of GLn(L). By [1, Theorem 5], N ⊆ Z(GLn(L)). In particular, N is abelian
and consequently, SLn(D) is abelian, a contradiction.
Lemma 4.3. Let D be a division ring and n ≥ 1. Then, Z(SLn(D)) is a torsion group
if and only if Z(D′) is a torsion group.
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Proof. The case n = 1 is clear. So, we can assume that n ≥ 2. Denote by F the center of
D. By [2, §21, Theorem 1, p.140],
Z(SLn(D)) =
{
dI|d ∈ F ∗ and dn ∈ D′}.
If Z(SLn(D)) is a torsion group, then, for any d ∈ Z(D′) = D′ ∩ F , dI ∈ Z(SLn(D)).
It follows that d is torsion. Conversely, if Z(D′) is a torsion group, then, for any A ∈
Z(SLn(D)), A = dI for some d ∈ F ∗ such that dn ∈ D′. It follows that dn is torsion.
Therefore, A is torsion.
Theorem 4.4. Let D be a non-commutative algebraic, weakly locally finite division ring
with center F and N be a subgroup of GLn(D) containing F
∗, n ≥ 1. Then N is not
finitely generated.
Proof. Recall that if a division ring D is weakly locally finite, then Z(D′) is a torsion
group (see Lemma 3.2). Therefore, by Lemma 4.3, Z(SLn(D)) is a torsion group.
Suppose that there is a finitely generated subgroup N of GLn(D) containing F
∗.
Clearly N/N ′ is a finitely generated abelian group, where N ′ denotes the derived sub-
group of N . Then, in virtue of [9, 5.5.8, p. 113], F ∗N ′/N ′ is a finitely generated abelian
group.
Case 1: char(D) = 0.
Then, F contains the field Q of rational numbers and it follows that Q∗I/(Q∗I∩N ′) ≃
Q∗N ′/N ′. Since F ∗N ′/N ′ is finitely generated abelian subgroup, Q∗N ′/N ′ is finitely gen-
erated too, and consequently Q∗I/(Q∗I ∩N ′) is finitely generated. Consider an arbitrary
A ∈ Q∗I ∩ N ′. Then A ∈ F ∗I ∩ SLn(D) ⊆ Z(SLn(D)). Therefore A is torsion. Since
A ∈ Q∗I, we have A = dI for some d ∈ Q∗. It follows that d = ±1. Thus, Q∗I ∩ N ′ is
finite. Since Q∗I/(Q∗I ∩N ′) is finitely generated, Q∗I is finitely generated. Therefore Q∗
is finitely generated, that is impossible.
Case 2: char(D) = p > 0.
Denote by Fp the prime subfield of F , we shall prove that F is algebraic over Fp.
In fact, suppose that u ∈ F and u is transcendental over Fp. Put K := Fp(u), then
the group K∗I/(K∗I ∩ N ′) considered as a subgroup of F ∗N ′/N ′ is finitely generated.
Considering an arbitrary A ∈ K∗I∩N ′, we have A = (f(u)/g(u))I for some f(X), g(X) ∈
Fp[X ], ((f(X), g(X)) = 1 and g(u) 6= 0. As mentioned above, we have f(u)s/g(u)s = 1
for some positive integer s. Since u is transcendental over Fp, f(u)/g(u) ∈ Fp. Therefore,
K∗I∩N ′ is finite and consequently, K∗I is finitely generated. It follows that K∗ is finitely
generated, hence K is finite. Hence F is algebraic over Fp and it follows thatD is algebraic
over Fp. Now, in virtue of Jacobson’s Theorem [6, (13.11), p. 219], D is commutative, a
contradiction.
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Corollary 4.5. Let D be an algebraic, weakly locally finite division ring. If the group
GLn(D), n ≥ 1, is finitely generated, then D is commutative.
If M is a maximal finitely generated subgroup of GLn(D), then GLn(D) is finitely
generated. So, the next result follows immediately from Corollary 4.5.
Corollary 4.6. Let D be an algebraic, weakly locally finite division ring. If the group
GLn(D), n ≥ 1, has a maximal finitely generated subgroup, then D is commutative.
By the same way as in the proof of Theorem 4.4, we obtain the following corollary.
Corollary 4.7. Let D be a non-commutative algebraic, weakly locally finite division ring
with center F and S is a subgroup of GLn(D). If N = F
∗S, then N/N ′ is not finitely
generated.
Proof. Suppose that N/N ′ is finitely generated. Since N ′ = S ′ and F ∗I/(F ∗I ∩ S ′) ≃
F ∗S ′/S ′, F ∗I/(F ∗I∩S ′) is a finitely generated abelian group. Now, by the same arguments
as in the proof of Theorem 4.4, we conclude that D is commutative.
Corollary 4.8. Let D be a non-commutative algebraic, weakly locally finite division ring.
Then, D∗ is not finitely generated.
Proof. TakeN = S = GLn(D) in Corollary 4.7 and have in mind that [GLn(D), GLn(D)] =
SLn(D), we have D
∗ ≃ GLn(D)/SLn(D) is not finitely generated.
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